We investigate the potential success of the human papilloma virus (HPV) vaccine, taking into consideration possible waning immunity and the influence of behavioural parameters. We use a compartmental, population-level ordinary differential equation (ODE) model. We find the effective reproductive value for HPV, R e 0 , which measures the threshold for infection outbreak in a population that is not entirely susceptible, together with infection prevalence. We study the effects of different parameters on both of these quantities. Results show that waning immunity plays a large part in allowing infection to persist. The proportion of the population not sexually active when vaccination occurs affects R e 0 , as does the rate at which individuals become sexually active. In several cases, infection persists as a result of an infection reservoir in the male cohort. To explore this further, we introduce male vaccination and find the conditions for which vaccination of males could be considered appropriate.
Introduction
Cervical cancer is the second most common cancer worldwide, with 493,000 cases attributed to it in 2002 [2] . With the discovery that human papilloma virus (HPV) infection is a necessary precursor to the development of cervical cancer [23] , hopes of reducing the prevalence of cervical cancer now lie with the development and usage of vaccinations against the HPV [1] .
HPV is thought to infect about 80% of the sexually active female population at some point during their lives [7] . Of these, about 10 -20% have a persistent infection lasting more than 6 months [24] . The likelihood of developing precancerous lesions increases with long-term infection; for type HPV-16, there is a 40% chance of cervical intraepithelial neoplasia, uncontrolled cell growth within the epithelium, after infection lasting 5 or more years [1] .
The prevalence of the virus is highest in young adults (16 -25 years); for females in this age group, recent estimates of prevalence range from 20 [20] to 40% [11] . However, with increasing rates of breakup in long-term partnerships, there is also a growing concern that prevalence may also have a secondary peak in middle-aged cohorts [10] .
Of over 120 different strains of HPV that have been identified, only about 40 are thought to infect the anogenital area, of which two strains, HPV-6 and HPV-11, cause 90% of genital warts [4] . Moreover, some strains are carcinogenic [23] , with strains HPV-16 and HPV-18 considered to be the most prevalent, causing about 70% of all cervical cancer [23] .
Two vaccines have been licensed for use: one protects against strains HPV-6, HPV-11, HPV-16 and HPV-18, while the other protects against strains HPV-16 and HPV-18 [1] . The vaccines have been widely welcomed, as testing has shown close to 100% efficacy against the two strains of HPV most linked to cervical cancer [17] . As they are so new, it is not clear how long the vaccines are expected to remain effective. Current trials show that they are still effective after 5 years, but the true duration of protection will only become evident in the next 10-20 years [16] . The UK policy for the vaccine is to introduce it for 12 -13-year-old girls, with a catch-up programme for females up to the age of 18 [12] , although some ethical concerns have been raised about giving the vaccine to individuals prior to their sexual debut [8] . The vaccine is already being used in several other countries, including the USA and Australia [12] .
We are interested in using the 'effective' R 0 value, R e 0 , to assess the interplay of behavioural and vaccination parameters, and how these affect the potential success of the vaccine. We also use R e 0 to judge the impact of including male vaccination in the vaccination policy.
This complements previous work ( [13, 14, 18] , for example) and by using a simple structure, highlights key parameter groupings that are critical in understanding how HPV could be contained in a population, by a vaccination strategy aimed either only at females prior to their sexual debut or at both males and females.
Methods
We built a compartmental model of a population, the schematic of which can be seen in Figure 1 . It is a deterministic model, with parameters estimated as average values over a lifetime using age-dependent data. We do not account for heterogeneity in individual behaviour beyond classifying individuals as sexually active or inactive. In particular, there is no sexual contact or age structure. Although age structure is not included, behavioural parameter values were estimated from an age-dependent database National Survey Table B1 for parameter definitions and text for further details. of Sexual Attitudes and Lifestyles II (NATSALII) [19] . As the transmission probability, b, is so high, we follow [14] and assume homogeneous mixing. Such simplifications allow us to highlight key parameter groupings such as the basic reproductive value R 0 and the effective reproductive value R e 0 from which the behaviour of HPV can be explored. Considering HPV as a sexually transmitted infection (STI), we introduce two genders and study the heterosexual case. Initially, we assume that only females are vaccinated, as this is the current UK policy [12] , and that vaccination takes place as individuals enter the model. We include a non-sexually active ( juvenile) class to allow us to consider the interplay between waning protection and the onset of sexual activity. We present an SIS (susceptible-infected-susceptible) model, as in [15, 21] . This produces a model with seven classes; protected females P F , juvenile individuals J i , susceptible individuals (or susceptibles) S i and infected individuals I i . We assume that none of the cohort entering the model is infected, thus there is no external input into the I i classes. Here, i ¼ F; M representing females and males. The parameters are as in Table B1 ; these estimates have a variety of published sources. The frequency-dependent force of infection l i is set as
where z and b are defined in Table B1 and i; k ¼ F; M; i -k. While the model here does not explicitly monitor the age of individuals, several parameters are directly linked to the age of vaccination. The proportion of individuals, q, who are not sexually active when the vaccination protection wears off and the proportion of unvaccinated individuals, j i , i ¼ F, M, who are not sexually active are both estimated using the NATSALII database [19] . The parameter q is taken to be an increasing function of a and was also estimated using data from [19] . Age-related gender differences are included by assuming that the rate of becoming sexually active is greater for males than females ðh M $ h F Þ and that more males are sexually active than females when vaccination is administered ðj M # j F Þ.
From the model, we can determine the key epidemiological parameter R 0 , which measures the number of secondary infections caused by a single infection being introduced into an entirely susceptible population. Assuming that one generation of the infection is measured as female infection to female infection we obtain,
For standard parameters from Table B1 
, we estimate R 0 < 1:4. Moreover, it is possible to calculate the effective R 0 value, R e 0 , which takes into account the delayed sexual onset and vaccination effects [3] . For our model, R e 0 ¼ R 0 ð1 2 f ðpÞÞ, where
This was calculated using the criteria for local stability of the disease-free steady state detailed in appendix B. R e 0 as defined above is comparable to the form the effective R 0 value takes when a vaccination programme is introduced into a disease situation (i.e. R e 0 ¼ R 0 ð1 2 pÞ) [9] . Eradication of infection in the population is only possible if R e 0 , 1, which corresponds to
With the introduction of male vaccination, R e 0 is modified to R e 0 ¼ R 0 ð1 2 f F ðpÞÞ ð1 2 f M ðpÞÞ, where
Initially, we specify all gender-specific parameters to be the same, which means that R e 0 ¼ R 0 ð1 2 f ðpÞÞ 2 , and then infection can only be eradicated for the condition
Results
We use (3) - (6) to explore the interplay between key behavioural parameters j i and h i and vaccination parameters p and a in predicting conditions under which HPV could be eradicated by an appropriate vaccination strategy. The dependence of f( p) on these parameters is shown in Figure 2 , from which we see that f( p) is an increasing function of p but a decreasing function of both a and h F , with variation in a causing the greatest variation in f( p). According to (4) and (6), eradication of infection can only occur if f( p) is sufficiently large -we see from Figure 2 that this will only happen if either p is sufficiently large or if h F or a is sufficiently small, with small a giving the largest change in f ðpÞ.
Vaccination in a population already sexually active
Setting q ¼ j i ¼ 0, we consider a vaccination strategy aimed at a population of sexually active individuals. This is analogous to previous work presented in [18] and gives the following results:
. For female-only vaccination
. With female and male vaccination
In both cases, as a decreases the period of vaccine efficacy increases and the proportion of the population that should be vaccinated to eradicate HPV is reduced, with this reduction more pronounced when both males and females are vaccinated. For example, the value of p required when a is essentially lifelong ða ¼ 1=fÞ is less than half of that required for p when the vaccine lasts for 20 years (all other parameters being equal) for both female-only vaccination and vaccination of both sexes, although in the case of vaccination of both sexes, R e 0 can be driven below 1 for a lower p value. Figure 3 shows how R e 0 , for female-only vaccination as given by (7), varies with the key model parameters. Using parameters from Table B1 , we see that changes to h F are not able to drive infection from the population for any level of vaccination. In contrast, provided that the vaccination is sufficiently long lasting (a small), then if p is large enough infection may be eradicated. For example, a vaccine lasting for at least 20 years (a ¼ 0:05) in a population averaging two partners per year (z ¼ 2), with coverage of at least 70% of the female population p $ 0:7, can drive R e 0 , 1. While changes in h F do not have a great impact on R e 0 , another behavioural parameter z does. In particular, a reduction of z by less than 25% (z reduced from 2 to 1.6) results in R e 0 , 1 for a range of parameters. Figure 4 shows infection prevalence for females and males corresponding to the R e 0 values shown in Figure 3 . This highlights the heterogeneity in infection prevalence between the two sexes as a result of a female-only vaccination strategy. Table B1 .
Female-only vaccination

Female and male vaccination
In Figure 5 , we compare conditions (4) and (6), from which we see that the addition of male vaccination makes eradication of infection possible for a wider range of parameter Table B1. values. And in the case where eradication is not possible, male vaccination allows the system to have a lower R e 0 . Figure 6 is analogous to Figure 4 and highlights two changes that arise with the inclusion of male vaccination:
(1) Infection prevalence in both sexes is the same since the vaccination is the same for both sexes. Figures 5(a) , (c) and (e) show the case when there is no male vaccination. The other graphs represent the situation with male vaccination. All parameters used are given as estimates in Table B1. (2) There is a wider range of parameter values for which infection can be removed from the population.
To directly compare the two vaccination strategies (female-only versus both sexes), we compare values of f ðpÞ required to achieve R e 0 ¼ 1 in (4) and (6), respectively. The proportional reduction in f ðpÞ when male vaccination is added to female-only vaccination is given as L ¼ f ðpÞj female-only 2 f ðpÞj female and male f ðpÞj female-only ;
i.e.
With R 0 < 1:4, male vaccination leads to around 45% reduction in the proportion that should be vaccinated, although the population is now doubled to N F þ N M . This means that a greater number of individuals must be vaccinated than under female-only vaccination. In fact, (10) shows that the percentage reduction will only be greater than 50% when R 0 , 1. Table B1. vaccination is included, compared with female-only vaccination. It does show that it is possible to halve the value of p, so that the same total number of individuals are vaccinated and not see an increase in infection prevalence.
Discussion
The results of this model show that, under certain circumstances, it is possible to force R e 0 under 1, and thus it may be possible to eradicate HPV from the population. We assessed the effect that different behavioural and vaccination parameters have on the value of R e 0 . Figure 2 shows that by increasing the proportion vaccinated, the value of R e 0 will decrease. We see the opposite effect with a and h F , as an increase in either of these parameters will cause R e 0 to increase. These are all as we would expect, although note that we see something close to a linear relationship between p and f( p), but a nonlinear relationship exists both between a and f( p) and between h F and f( p). We also see that changing the value of a has the greatest effect on f( p), suggesting that the duration of vaccine protection will have an important effect on the final outcome.
The impact of a is confirmed in Figure 3 , where we see plots of R e 0 against different parameters. For a value of a ¼ 0:1, varying h F and p cannot force R e 0 under 1, but for a value of h F ¼ 0:1, varying a and p shows that, for a , 0:04 and p . 0:7, it is possible to push R e 0 , 1. Figure 4 shows how the changing values of different parameters affect the infected steady states directly. This again supports the hypothesis that a has a much greater impact than h F , especially at higher values of p. Figures 4(a) and (b) show that, for a low value of a, it is possible to reach the disease-free steady state (in both genders), but that the disease-free steady state cannot be reached for a ¼ 0:1 and varying h F and p. Figure 5 shows how varying certain parameters can affect whether R e 0 , 1 or not, and we find that only for a long duration of protection is it possible to force R e 0 , 1. However, the duration of protection needed for this to happen is decreased when male vaccination is included, suggesting that male vaccination may come into play if the vaccination is shown to last less than 40 years. Figure 6 shows the plots of infection prevalence (as in Figure 4 ), but for a model containing both male and female vaccinations. As expected, including vaccination on both sexes increases the range of values of a and h F for which prevalence is very low, although this occurs for a wider range of values when varying a and p than when varying h F and p -which matches the results gained from the case of female-only vaccination. We also saw that the inclusion of male vaccination (at the same rate as for females) led to a decrease of 45% in the percentage of individuals that needed to be vaccinated. However, as these individuals came from both the male and female classes, this actually leads to an increase in the total number of individuals that need to be vaccinated. We found that it would only be possible to vaccinate fewer individuals when R 0 , 1 and vaccination may not be appropriate in this case anyway. Figure 7 shows the benefit of including male vaccination. Including male vaccination would not increase the number of infected individuals; the exact values indicate that vaccinating the same number of individuals (both males and females) as would be vaccinated in the female-only vaccination strategy actually leads to a slight decrease in the total prevalence of infection at steady state. This is positive in itself, but holds further benefits if HPV becomes recognized as a significant factor in other genital cancers.
These results show the importance of considering a range of different factors when assessing the potential success of the vaccine. We see that the most important vaccination parameter of those we considered was a. From the behavioural parameters considered, it is clear that the value of z will also have an important effect, as we saw it was possible to force R e 0 , 1 by varying z, where the other behavioural parameters (e.g. the rate at which individuals become sexually active) could not.
The inclusion of a sexually non-active class is a key difference between this and other papers. Coupled with the inclusion of waning immunity, having this class allows us to explicitly consider the effect of vaccination for an STI in a group that is (largely) not yet sexually active. We also consider male vaccination and the effect this had. While this is not new [5, 21] , we did not consider this from a cost-effective point of view, so could look solely at the impact male vaccination had on values such as R e 0 . The importance of interplay between vaccination, epidemiological and behavioural parameters is clearly demonstrated here. Of these, epidemiological parameters are essentially fixed, but vaccination parameters may be adjusted via public health strategy (p) and further pharmaceutical developments (a). Modifying behavioural parameters ( j i , h i , z) to assist the effectiveness of the vaccination programme is a more challenging problem, which might only be addressed by educational programmes. Whether the significance of altering behaviours can be made clear through such a programme remains to be seen; the linkage between HPV and cervical cancer might just be the motivating connection that convinces the public.
;
Substituting all other steady state values into the equations for N i gives the steady state values of
Analysis of the full model system (which involves seven state variables) can be reduced to explore the behaviours of an equivalent two-dimensional system in the following way. The governing equations for P F , J F and J M are uncoupled from the remainder of the system, and hence stability of their steady states can also be determined separately from the full system. Since we are assuming a constant population size for each of the males and females, the dimension of the infection system (S F , I F , S M , I M ) can further be reduced to consider the two-dimensional system for (I F , I M ):
where J F ðtÞ, P F ðtÞ and J M ðtÞ are determined from the full system. Behaviour of the full system can then be inferred from the behaviour of this system. We calculate the stability of the disease-free steady state (I F ¼ I M ¼ 0) using the Jacobian of (15) evaluated at that point. This gives
Stability of this steady state requires that trace(J) , 0 and determinant(J) . 0. Since traceðJÞ , 0 for all parameter combinations, stability of the disease-free steady state requires that
The left-hand side of this equation is equal to R e 0 ¼ R 0 1 2 pðh F þ ð1=fÞÞ fða þ 1fÞðh F þ ð1=fÞÞ 2 ðð1 2 pÞða þ ð1=fÞÞj F þ qapÞ : ðB5Þ Table B1 . Table of parameters.
Parameters Symbol Range of values Reference
Proportion of protected class not sexually active when vaccine wears off q 0 # q # 1, q < ð0:616a þ 0:05Þ=ð1 þ aÞ [19] Proportion of the average population in one year that enters the 'juvenile' class j i 0 # j i # 1, j i < 0:9 [19] Proportion of the average population in one year that is vaccinated For R e 0 , 1, the disease-free steady state is stable and is the only steady state of the system. For R e 0 . 1, the disease-present steady state exists and the disease-free steady state is unstable. 
B.1 Critical values
